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QUANTUM TWIST MAPS AND DUAL CANONICAL BASES
YOSHIYUKI KIMURA AND HIRONORI OYA
Abstract. In this paper, we show that quantum twist maps, introduced by Lenagan-Yakimov,
induce bijections between dual canonical bases of quantum nilpotent subalgebras. As a corollary,
we show the unitriangular property between dual canonical bases and Poincare´-Birkhoff-Witt
type bases under the “reverse” lexicographic order. We also show that quantum twist maps
induce bijections between certain unipotent quantum minors.
1. Introduction
Let g be a symmetrizable Kac-Moody Lie algebra andUq := Uq(g) the corresponding quantized
universal enveloping algebra. We mainly focus on the subalgebra U−q (w), called the quantum
nilpotent subalgebra, of the negative half U−q of Uq, which is determined by an element w of
the Weyl group W of g. The quantum nilpotent subalgebra U−q (w) is a quantum analogue of
the coordinate ring of the unipotent group associated with w, and it has some nice structural
properties. For example, it is known that U−q (w) has (dual) Poincare´-Birkhoff-Witt type bases
and the dual canonical basis. Here the dual canonical basis is given by a subset of the dual
canonical basis (=the upper global basis) of U−q defined by Lusztig [18] and subsequently by
Kashiwara [12]. Moreover, there exists a quantum cluster algebra structure on U−q (w) [8, 9].
Lenagan-Yakimov [17, Section 6] and Goodearl-Yakimov [10, Section 8] introduced quantum
analogues Θw (w ∈W ) of the Fomin-Zelevinsky twist maps [5, 24] for quantized universal envelop-
ing algebras. The quantum twist map Θw induces the anti-algebra isomorphism from U
−
q (w
−1)
to U−q (w). In this paper, we show that the quantum twist maps are restricted to the bijections
between the dual canonical bases of quantum nilpotent subalgebras (Theorem 3.8). As a corollary,
we show the unitriangular property between dual canonical bases and dual Poincare´-Birkhoff-Witt
type bases under the “reverse” lexicographic order (Corollary 3.9). This is new when g is not of
finite type. (We discuss finite types in Section 4. See Remark 4.6.) Moreover there are the specific
dual canonical basis elements, called unipotent quantum minors. We also show that quantum
twist maps induce bijections between certain unipotent quantum minors (Theorem 3.22). This
result is a quantum analogue of [5, Lemma 2.25]. In particular, quantum twist maps preserve
quantum T -systems (Corollary 3.26). We should also remark that our results include the slight
refinement of [17, Proposition 6.1](cf. [17, The equality (6.7)]).
The following are some related topics and the explicit relations between our results and them
should be explored in future research:
• In the case of finite type, under the categorification via the quiver Hecke algebras, the “re-
verse” unitriangular property for (proper) standard modules is also proved by McNamara
[21, Theorem 3.1 (5)].
• There exists a variant of the twist maps treated in [2, 4, 7] and its quantum analogue is
proposed in [3, Theorem 2.10, Conjecture 2.12 (c)]. Berenstein-Rupel conjectured that it
also preserves the dual canonical basis [3, Conjecture 2.17 (a)].
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2. Preliminaries
2.1. Quantized universal enveloping algebras. Throughout this paper g is supposed to be a
symmetrizable Kac-Moody Lie algebra over C unless otherwise specified. We follow the notation
in [14]. However, to shorten notation, we write qh instead of q(h).
Definition 2.1. Let
(
P, I, {αi}i∈I , {hi}i∈I , ( , )
)
be a root datum for g and q an indetermi-
nate. Denote by Uq := Uq(g) the quantized universal enveloping algebra over Q(q) generated by
{ei, fi, q
h}i∈I,h∈P∗ . Here P
∗ := HomZ(P,Z). Set the coproduct ∆: Uq → Uq ⊗Uq, the antipode
S : Uq → Uq and the counit ε : Uq → Q(q) as follows:
∆ (ei) = ei ⊗ t
−1
i + 1⊗ ei, S (ei) = −eiti, ε (ei) = 0,
∆(fi) = fi ⊗ 1 + ti ⊗ fi, S (fi) = −t
−1
i fi, ε (fi) = 0,
∆
(
qh
)
= qh ⊗ qh, S
(
qh
)
= q−h, ε
(
qh
)
= 1.
We denote by U+q ,U
−
q ,U
0
q the Q(q)-subalgebras of Uq generated by {ei}i∈I , {fi}i∈I , {q
h}h∈P∗
respectively. We assume that there exist elements {̟i}i∈I of P such that 〈̟i, hj〉 = δij for all
i, j ∈ I. Set ρ :=
∑
i∈I ̟i. Then 〈ρ, hi〉 = 1 and (ρ, αi) = (αi, αi)/2 for all i ∈ I.
Definition 2.2. Let ∨ : Uq → Uq be the Q(q)-algebra involution defined by
e∨i = fi, f
∨
i = ei,
(
qh
)∨
= q−h.
Let : Q(q)→ Q(q), : Uq → Uq be the Q-algebra involutions defined by
q = q−1, ei = ei, fi = fi, qh = q
−h.
Let ∗ : Uq → Uq , ϕ : Uq → Uq be the Q (q)-algebra anti-involutions defined by
∗(ei) = ei, ∗(fi) = fi, ∗
(
qh
)
= q−h,
ϕ (ei) = fi, ϕ (fi) = ei, ϕ
(
qh
)
= qh.
2.2. Non-degenerate pairings and dual bar-involutions.
Definition 2.3. For i ∈ I, we define the Q(q)-linear maps e′i and ie
′ : U−q → U
−
q by
e′i (xy) = e
′
i (x) y + q
〈wt x,hi〉
i xe
′
i (y) , e
′
i(fj) = δij ,
ie
′ (xy) = q
〈wt y,hi〉
i ie
′ (x) y + x ie
′ (y) , ie
′(fj) = δij
for homogeneous elements x, y ∈ U−q . Here homogeneous elements mean the elements x of Uq
satisfying qhxq−h = q〈wt x,h〉x for some wtx ∈ Q :=
∑
i∈I Zαi and an arbitrary h ∈ P
∗.
Definition 2.4. There exists a unique symmetric Q(q)-bilinear form ( , )L : U
−
q ×U
−
q → Q(q)
such that
(1, 1)L = 1, (fix, y)L =
1
1− q2i
(x, e′i(y))L, (xfi, y)L =
1
1− q2i
(x, ie
′(y))L.
This form ( , )L is non-degenerate and has the following property:
(∗(x), ∗(y))L = (x, y)L
for all x, y ∈ U−q . See [20, Chapter 1] for more details.
Definition 2.5. For a homogeneous x ∈ U−q , we define σ (x) = σL (x) ∈ U
−
q by the following
property:
(σ (x) , y)L = (x, y)L
for all y ∈ U−q . By non-degeneracy of ( , )L, the element σ (x) is well-defined. This map
σ : U−q → U
−
q is called the dual bar-involution.
The following proposition can be proved in the same manner as [15, Proposition 3.2].
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Proposition 2.6. For a homogeneous element x ∈ U−q , we have
σ (x) = (−1)
ht(wt x)
q(wtx,wtx)/2−(wt x,ρ) ( ◦ ∗) (x) .
Here htα :=
∑
i∈I mi for α =
∑
i∈I miαi ∈ Q. In particular, for homogeneous elements x, y ∈
U−q , we have
σ(xy) = q(wtx,wt y)σ(y)σ(x).
2.3. Lusztig’s braid group symmetries.
Definition 2.7. Let W be the Weyl group of g and {si}i∈I be the set of simple reflections. For
w ∈W , denote by I(w) the set of the reduced words of w.
Following Lusztig [20, Section 37.1.3], we define the Q (q)-algebra automorphism Ti : Uq → Uq
for i ∈ I by the following formulae:
Ti
(
qh
)
= qsi(h),
Ti (ej) =


−fiti for j = i,∑
r+s=−〈hi,αj〉
(−1)r q−ri e
(s)
i eje
(r)
i for j 6= i,
Ti (fj) =


−t−1i ei for j = i,∑
r+s=−〈hi,αj〉
(−1)r qri f
(r)
i fjf
(s)
i for j 6= i.
Its inverse map is given by
T−1i
(
qh
)
= qsi(h),
T−1i (ej) =


−t−1i fi for j = i,∑
r+s=−〈hi,αj〉
(−1)
r
q−ri e
(r)
i eje
(s)
i for j 6= i,
T−1i (fj) =


−eiti for j = i,∑
r+s=−〈hi,αj〉
(−1)
r
qri f
(s)
i fjf
(r)
i for j 6= i.
The maps Ti and T
−1
i are denoted by T
′′
i,1 and T
′
i,−1 respectively in [20].
It is known that {Ti}i∈I satisfies the braid relations, that is, for w ∈ W , the Q (q)-algebra
automorphism Tw := Ti1 · · ·Tiℓ : Uq → Uq does not depend on the choice of (i1, . . . , iℓ) ∈ I(w).
See [20, Chapter 39].
The following lemma follows from the straightforward check on the generators of Uq.
Lemma 2.8. For i ∈ I, we have Ti ◦ S ◦ ∨ = S ◦ ∨ ◦ T
−1
i .
We have the following invariance of the bilinear form ( , )L under the braid group symmetry
Ti.
Proposition 2.9 ([20, Proposition 38.1.6, Proposition 38.2.1]). (1) For i ∈ I, we have Ker e′i =
U−q ∩ TiU
−
q .
(2) For i ∈ I and x, y ∈ Ker e′i, we have (x, y)L =
(
T−1i (x), T
−1
i (y)
)
L
.
2.4. Quantum nilpotent subalgebras and Poincare´-Birkhoff-Witt type bases.
Definition 2.10. (1) For w ∈ W , we set U−q (w) = U
−
q ∩ Tw
(
U+q U
0
q
)
. These subalgebras of U−q
are called quantum nilpotent subalgebras.
(2) Let w ∈W and i = (i1, · · · , iℓ) ∈ I (w). For c = (c1, · · · , cℓ) ∈ Z
ℓ
≥0, we set
F low (c, i) := f
(c1)
i1
Ti1
(
f
(c2)
i2
)
· · ·
(
Ti1 · · ·Tiℓ−1
) (
f
(cℓ)
iℓ
)
,
F up (c, i) := F low (c, i) /
(
F low (c, i) , F low (c, i)
)
L
.
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Proposition 2.11 ([20, Proposition 38.2.3], [1, Proposition 2.3]). (1) F low (c, i) ∈ U−q (w) for
c ∈ Zℓ≥0 and {F
low (c, i)}
c∈Zℓ
≥0
forms a basis of U−q (w).
(2) {F low (c, i)}c∈Zℓ
≥0
is an orthogonal basis of U−q (w), more precisely, we have
(F low (c, i) , F low (c′, i))L = δc,c′
ℓ∏
k=1
ck∏
j=1
(1 − q2jik )
−1.(2.3)
In particular, {F up (c, i)}
c∈Zℓ
≥0
is also a basis of U−q (w). The basis {F
low (c, i)}c is called the
(lower) Poincare´-Birkhoff-Witt type basis associated with i ∈ I (w), and the basis {F up (c, i)}c is
called the dual (or upper) Poincare´-Birkhoff-Witt type basis.
2.5. Dual canonical bases and quantum nilpotent subalgebras. Set A := Z[q±1]. Denote
by AU
−
q the A-subalgebra of U
−
q generated by the elements {f
(n)
i }i∈I,n∈Z≥0. Lusztig [18, 20] and
Kashiwara [12] have proved that AU
−
q is a free A-module and constructed the basis B
low of U−q ,
called the canonical basis, which is also an A-basis of AU
−
q . Moreover the elements of B
low are
parametrized by the Kashiwara crystalB(∞). We follow the notation in [14] concerning the crystal
(B(∞); wt, {e˜i}i∈I , {f˜i}i∈I , {εi}i∈I , {ϕi}i∈I) and the ∗-crystal (B(∞); wt, {e˜
∗
i }i∈I , {f˜
∗
i }i∈I , {ε
∗
i }i∈I , {ϕ
∗
i }i∈I).
Write Blow = {Glow(b)}b∈B(∞). We have Glow(b) = G
low(b) for all b ∈ B(∞) [12, Lemma 7.3.4].
Denote by Bup the basis of U−q dual to B
low with respect to the bilinear form ( , )L, that is,
Bup = {Gup(b)}b∈B(∞) such that
(Glow(b), Gup(b′))L = δb,b′
for any b, b′ ∈ B(∞). Hence we have σ(Gup(b)) = Gup(b) for all b ∈ B(∞). It is known that the
dual canonical basis Bup is compatible with the quantum nilpotent subalgebras as follows.
Proposition 2.12 ([15, Theorem 4.25, Theorem 4.29]). Let w ∈W and i ∈ I (w).
(1) U−q (w) ∩B
up is a basis of U−q (w).
(2) each element Gup(b) of U−q (w) ∩B
up is characterized by the following conditions:
(DCB1) σ(Gup(b)) = Gup(b), and
(DCB2) Gup (b) = F up (c, i) +
∑
c′<c d
i
c,c′F
up (c′, i) with di
c,c′ ∈ qZ[q] for a unique c ∈ Z
ℓ
≥0.
Here < denotes the left lexicographic order on Zℓ≥0, that is, we write (c1, . . . , cℓ) < (c
′
1, . . . , c
′
ℓ) if
and only if there exists k ∈ {1, . . . , ℓ} such that c1 = c
′
1, . . . , ck−1 = c
′
k−1 and ck < c
′
k.
Definition 2.13. Proposition 2.12 (2) says that F up (c, i) determines a unique dual canonical
basis element Gup(b) in U−q (w). We write the corresponding element of B(∞) as b (c, i). Then
U−q (w) ∩B
up = {Gup(b(c, i))}c∈Zℓ
≥0
.
Remark 2.14. The unitriangular property (DCB2) in Proposition 2.12 is equivalent to the following
unitriangular property:
F up (c, i) =
∑
c′∈Zℓ
≥0
[F up (c, i) : Gup (b (c′, i))]Gup (b (c′, i)) with
[F up (c, i) : Gup (b (c′, i))]
{
∈ δc′,c + (1− δc′,c)qZ[q] if c
′ ≤ c
= 0 otherwise.
In fact, these unitriangular properties also hold when we consider the right lexicographic order on
Zℓ≥0. See Corollary 3.9 below.
Remark 2.15. Note that the element Gup (b (c, i)) is already characterized by the property (DCB1)
in Proposition 2.12 and the following property:
(DCB2)′ Gup (b (c, i))− F up (c, i) ∈
∑
c′∈Zℓ
≥0
qZ[q]F up (c′, i).
Indeed, if an element x ∈ U−q (w) satisfies (DCB2)
′, that is, x−F up (c, i) ∈
∑
c′∈Zℓ
≥0
qZ[q]F up (c′, i),
we have
x ∈ Gup (b (c, i)) +
∑
c′∈Zℓ
≥0
qZ[q]Gup (b (c′, i))
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by Remark 2.14. Hence x is equal to Gup (b (c, i)) if x also satisfies (DCB1) because it is the
unique σ-invariant element in Gup (b (c, i)) +
∑
c′∈Zℓ
≥0
qZ[q]Gup (b (c′, i)).
Proposition 2.16 ([15, Proposition 4.26], [8, Proposition 7.4]). For k = 1, . . . , ℓ, we set ck :=
(δjk)1≤j≤ℓ ∈ Z
ℓ
≥0. Then we have G
up(b(ck, i)) = F
up (ck, i).
3. Quantum twist maps
In this section, we study the compatibility between quantum twist maps and dual canonical
bases. We consider the quantum twist maps defined in [17, Section 6].
3.1. Quantum twist maps and quantum nilpotent subalgebras.
Definition 3.1. For w ∈ W , we consider the Q(q)-algebra anti-automorphism Θw of Uq defined
by
Θw := Tw ◦ S ◦ ∨.
By Lemma 2.8 and (S ◦ ∨)2 = id, we have (Θw)
−1 = Θw−1. For a homogeneous element x ∈ Uq,
we have wt (Θw(x)) = −wwt (x).
Remark 3.2. Our definition of the quantum twist map Θw seems different from the one in [17,
Section 6.1]. However these definitions are the same because they adopt the different antipode
from ours.
Proposition 3.3. For w ∈W and i = (i1, · · · , iℓ) ∈ I (w), we have
Θw−1
(
Ti1 · · ·Tik−1 (fik)
)
= Tiℓ · · ·Tik+1 (fik) for k = 1, . . . , ℓ.
Proof. It can be easily checked that
(Ti ◦ S ◦ ∨) (fi) = fi.
Hence by Lemma 2.8 we have
Θw−1
(
Ti1 · · ·Tik−1 (fik)
)
= (Tiℓ · · ·Ti1 ◦ S ◦ ∨)
(
Ti1 · · ·Tik−1 (fik)
)
= (Tiℓ · · ·Tik ◦ S ◦ ∨) (fik)
=
(
Tiℓ · · ·Tik+1
)
(fik) .

Corollary 3.4. For w ∈W , we have U−q ∩Θw(U
−
q ) = U
−
q (w).
Proof. Since Θw(U
−
q ) = (Tw ◦ S ◦ ∨)
(
U−q
)
= (Tw ◦ S)
(
U+q
)
⊂ Tw(U
+
q U
0
q), we obtain U
−
q ∩
Θw(U
−
q ) ⊂ U
−
q ∩ Tw(U
+
q U
0
q) = U
−
q (w). On the other hand, by Proposition 3.3, we have
Ti1 · · ·Tik−1 (fik) ∈ U
−
q ∩ Θw(U
−
q ), where i = (i1, · · · , iℓ) ∈ I (w). Because U
−
q (w) is generated
by
{
Ti1 · · ·Tik−1 (fik)
}
1≤k≤ℓ
, we obtain U−q (w) ⊂ U
−
q ∩Θw(U
−
q ). 
Definition 3.5. (1) For i = (i1, · · · , iℓ) ∈ I (w), we set i
rev = (iℓ, . . . , i1) ∈ I
(
w−1
)
.
(2) For c = (c1, . . . , cℓ) ∈ Z
ℓ
≥0, we set c
rev := (cℓ, . . . , c1) ∈ Z
ℓ
≥0.
Proposition 3.6. For w ∈W , i ∈ I (w) and c ∈ Zℓ≥0, we have
Θw−1 (F
up (c, i)) = F up (crev, irev) .
Proof. By the equality (2.3), we have(
F low (c, i) , F low (c, i)
)
L
=
(
F low (crev, irev) , F low (crev, irev)
)
L
.
Hence it suffices to show that Θw−1
(
F low (c, i)
)
= F low (crev, irev). This follows immediately from
Proposition 3.3. 
By Proposition 3.6, Θw−1 is also regarded as a Q(q)-algebra anti-isomorphism from U
−
q (w) to
U−q (w
−1).
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Proposition 3.7. Let w ∈ W . For x ∈ U−q (w), we have
(Θw−1 ◦ σ) (x) = (σ ◦Θw−1) (x) .
Proof. We may assume that x is homogeneous. On generators, by Proposition 2.16, we have
(Θw−1 ◦ σ) (F
up (ck, i)) = Θw−1 (F
up (ck, i))
= F up (crevk , i
rev) = σ (F up (crevk , i
rev))
= (σ ◦Θw−1) (F
up (ck, i)) .
Assume that the desired equality holds for homogeneous elements x′, x′′ ∈ U−q (w). Then, by
Proposition 2.6, we have
(Θw−1 ◦ σ) (x
′x′′) = q(wt(x
′),wt(x′′))Θw−1 (σ (x
′′)σ (x′))
= q(wt(x
′),wt(x′′))Θw−1 (σ (x
′))Θw−1 (σ (x
′′))
= q(−w
−1 wt(x′),−w−1 wt(x′′))σ (Θw−1 (x
′))σ (Θw−1 (x
′′))
= σ (Θw−1 (x
′′) Θw−1 (x
′))
= (σ ◦Θw−1) (x
′x′′) .
Hence we obtained the assertion. 
Now we show that the quantum twist maps induce bijections between dual canonical bases of
quantum nilpotent subalgebras. Recall Definition 2.13.
Theorem 3.8. Let w ∈ W and i ∈ I(w). For Gup (b (c, i)) ∈ Bup ∩U−q (w), we have
Θw−1 (G
up (b (c, i))) = Gup (b (crev, irev)) ∈ Bup ∩U−q (w
−1).
Proof. We have already checked that Θw−1 (G
up (b (c, i))) ∈ U−q (w
−1). Hence by Remark 2.15 we
only have to show that
σ (Θw−1 (G
up (b (c, i)))) = Θw−1 (G
up (b (c, i))) ,
Θw−1 (G
up (b (c, i)))− F up (crev, irev) ∈
∑
c′∈Zℓ
≥0
qZ[q]F up (c′, irev) .
The latter follows from Proposition 2.12 and Proposition 3.6. The former follows from Propo-
sition 3.7. 
By applying Θw−1 to the expansion of the dual PBW type basis into the dual canonical basis
in Remark 2.14, we obtain the following corollary. This symmetry is new when g is not finite
dimensional. See also Remark 4.6.
Corollary 3.9. Recall the notation in Remark 2.14. For the expansion of the dual PBW type
basis into the dual canonical basis, we have
(3.1) [F up (c, i) : Gup (b (c′, i))] =
[
F up (crev, irev) : Gup
(
b
(
(c′)
rev
, irev
))]
.
In particular, we can write the expansion as follows:
F up (c, i) = Gup (b (c, i)) +
∑
c′<c, c′<rc
[F up (c, i) : Gup (b (c′, i))]Gup (b (c′, i)) ,
here <r denotes the right lexicographic order on Z
ℓ
≥0, which is determined by the condition that
c
′ <r c if and only if (c
′)
rev
< crev.
Remark 3.10. Denote by Φ+ the set of the positive roots of g. For β ∈ Φ+, let g−β be the root space
of −β and fix a root vector F−β ∈ g−β. Take w ∈ W and i = (i1, . . . , iℓ) ∈ I(w). Set n
−(w) :=⊕
β∈Φ+∩−wΦ+
g−β . This is a Lie subalgebra of g. Let
AU−q (w) :=
∑
c∈Zℓ
≥0
AGup (b(c, i)). Regard
C as an A-module via q 7→ 1. Then C⊗A(
AU−q (w)) is isomorphic to the graded dualU(n
−(w))∗gr of
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the universal enveloping algebra of n−(w) with respect to the usual
∑
i∈I Z≤0αi-grading. Consider
the map Fi : U(n
−(w))∗gr → C[t1, . . . , tℓ] given by
f 7→
∑
a1,...,aℓ∈Z≥0
〈f, F a1−β1 · · ·F
aℓ
−βℓ
〉
ta11 · · · t
aℓ
ℓ
a1! · · · aℓ!
,
here Φ+ ∩ −wΦ+ = {βk := si1 · · · sik−1αik | k = 1, . . . , ℓ}. Then the map Fi is an injective
well-defined C-algebra homomorphism.
By the way, the lexicographic orders on Zℓ≥0 naturally induce the total orders on the monomials
in C[t1, . . . , tℓ]. Thus Corollary 3.9 says that the highest term of Fi(1⊗G
up(b(c, i))) with respect
to the left lexicographic order is equal to its highest term with respect to the right lexicographic
order (and it corresponds to c). Compare this fact with the results in [6].
3.2. Quantum twist maps and unipotent quantum minors. Unipotent quantum minors
are typical and manageable elements of dual canonical bases. In this subsection, we show that
the images of certain unipotent quantum minors under quantum twist maps are also described by
unipotent quantum minors (Theorem 3.22).
Set P+ := {λ ∈ P | 〈λ, hi〉 ≥ 0 for all i ∈ I}. For λ ∈ P+, denote by V (λ) (resp. V (−λ)) the
integrable highest (resp. lowest) weight Uq-module generated by a highest (resp. lowest) weight
vector vλ (resp. v−λ) of weight λ (resp. −λ).
Definition 3.11. For i ∈ I, denote by Ti the Q(q)-linear isomorphism T
′′
i,1 : V (±λ)→ V (±λ) in
[20, Chapter 5].
The important properties of Ti in this paper are the following [20, Chapter 37, 39]:
Proposition 3.12. (1) For x ∈ Uq and v ∈ V (±λ), we have Ti(x.v) = Ti(x).Ti(v).
(2) For w ∈ W , the composition map Tw := Ti1 · · ·Tiℓ : V (±λ) → V (±λ) does not depend on
the choice of (i1, . . . , iℓ) ∈ I(w).
Definition 3.13 ([20, Lemma 39.1.2]). For λ ∈ P+ and w ∈W , define the elements v±wλ ∈ V (±λ)
by
v±wλ := (Tw∓1)
∓1
(v±λ).
These vectors v±wλ are called the extremal weight vector of weight ±wλ. In fact, we have
vwλ = f
(〈si2 ···siℓλ,hi1 〉)
i1
· · · f
(〈siℓλ,hiℓ−1 〉)
iℓ−1
f
(〈λ,hiℓ〉)
iℓ
.vλ
v−wλ = e
(〈si2 ···siℓλ,hi1 〉)
i1
· · · e
(〈siℓλ,hiℓ−1 〉)
iℓ−1
e
(〈λ,hiℓ〉)
iℓ
.v−λ
for (i1, . . . , iℓ) ∈ I(w).
The following proposition is well-known and easily checked.
Proposition 3.14. (1) For λ ∈ P+, there exists a unique Q(q)-bilinear form ( , )±λ : V (±λ) ×
V (±λ)→ Q(q) such that
(v±λ, v±λ)±λ = 1 (x.v1, v2)±λ = (v1, ϕ(x).v2)±λ
for v1, v2 ∈ V (±λ) and x ∈ Uq. Moreover the form ( , )±λ is non-degenerate and symmetric.
(2) We have (v±wλ, v±wλ)±λ = 1 for all w ∈W .
Definition 3.15. For λ ∈ P+ and u,w ∈ W with ±(uλ−wλ) ∈ −
∑
i∈I Z≥0αi, define the element
D±uλ,±wλ ∈ U
−
q by the following property:
(D±uλ,±wλ, x)L = (v±uλ, x.v±wλ)±λ
for all x ∈ U−q . The element D±uλ,±wλ is called a unipotent quantum minor and we note that
wt (D±uλ,±wλ) = ±(uλ− wλ). See [15, Section 6].
The unipotent quantum minors associated with lowest weight modules are related with those
associated with highest weight modules via ∗-involution.
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Proposition 3.16. For λ ∈ P+ and u,w ∈ W with −uλ+ wλ ∈ −
∑
i∈I Z≥0αi, we have
∗D−uλ,−wλ = Dwλ,uλ.
Proof. For all x ∈ U−q , we have
(∗D−uλ,−wλ, x)L = (D−uλ,−wλ, ∗x)L
= (v−uλ, ∗(x).v−wλ)−λ = (v−wλ, (x)
∨.v−uλ)−λ.
We can consider the newUq-module V (−λ)
∨ which has the same underlying vector space as V (−λ)
and is endowed with the action • of Uq given by x • v = (x)
∨.v for x ∈ Uq and v ∈ V (−λ)
∨.
Then there exists the Uq-module isomorphism Φ : V (λ)→ V (−λ)
∨ given by vλ 7→ v−λ. Moreover
Φ(vw′λ) = v−w′λ for all w
′ ∈W . Indeed, for (i1, . . . , iℓ) ∈ I(w
′),
Φ(vw′λ) = Φ
(
f
(〈si2 ···siℓλ,hi1 〉)
i1
· · · f
(〈siℓλ,hiℓ−1 〉)
iℓ−1
f
(〈λ,hiℓ〉)
iℓ
.vλ
)
= e
(〈si2 ···siℓλ,hi1 〉)
i1
· · · e
(〈siℓλ,hiℓ−1 〉)
iℓ−1
e
(〈λ,hiℓ〉)
iℓ
.v−λ = v−w′λ.
Hence
(∗D−uλ,−wλ, x)L = (v−wλ, (x)
∨.v−uλ)−λ
= (v−wλ, (Φ ◦ Φ
−1)(x • v−uλ))−λ
= (v−wλ,Φ(x.vuλ))−λ
= (vwλ, x.vuλ)−λ = (Dwλ,uλ, x)L
for all x ∈ U−q . This proves the proposition. 
Proposition 3.17 ([13, Proposition 4.1]). The unipotent quantum minors are elements of Bup.
We consider the unipotent quantum minors which belong to U−q (w).
Proposition 3.18 ([16, Proposition 3.4]). For w ∈W and i = (i1, . . . , iℓ) ∈ I(w), we have
U−q ∩ Tw
(
U−q
)
= U−q ∩ Ti1
(
U−q
)
∩ Ti1Ti2
(
U−q
)
∩ · · · ∩ Ti1Ti2 · · ·Tiℓ
(
U−q
)
.
Lemma 3.19. For w ∈W , set U−q (w)
⊥ := {x ∈ U−q | (x,U
−
q (w))L = 0}. Then
U−q (w)
⊥ = U−q (w)(U
−
q ∩ Tw(U
−
q ) ∩Ker ε).
Proof. By [16, Theorem 1.1], we have a decomposition U−q = U
−
q (w) ⊕U
−
q (w)(U
−
q ∩ Tw(U
−
q ) ∩
Ker ε) as a Q(q)-vector space. By the way, we also have U−q = U
−
q (w)⊕U
−
q (w)
⊥.
Hence it suffices for us to prove the following inclusion:
U−q (w)(U
−
q ∩ Tw(U
−
q ) ∩Ker ε) ⊂ U
−
q (w)
⊥.
It is shown by using Proposition 2.9 and Proposition 3.18 repeatedly. 
Proposition 3.20. Let λ ∈ P+ and u1, u2, w ∈ W . Suppose that u2 is less than or equal to w
with respect to the weak right Bruhat order, that is, ℓ(w) = ℓ(u2) + ℓ(u
−1
2 w). Here ℓ(u) denotes
the length of u for u ∈W . Then
D−u1λ,−u2λ ∈ U
−
q (w).
Proof. It suffices to show that
(v−u1λ,U
−
q (w)
⊥.v−u2λ)−λ = 0.
For every homogeneous element x ∈ U−q ∩ Tw(U
−
q ) ∩ Ker ε, we have u
−1
2 wtx ∈
∑
i∈I Z≤0αi by
Proposition 3.18. Here note that there exists i = (i1, i2, . . . , iℓ) ∈ I(w) such that (i1, i2, . . . , ik) ∈
I(u2) for some k ∈ {1, . . . , ℓ}. Therefore,
x.v−u2λ = Tu2
(
(Tu2)
−1(x).v−λ
)
= 0.
Hence Lemma 3.19 implies the assertion. 
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Lemma 3.21. Let w ∈ W . Then we have
(x, y)L = (Θw−1(x),Θw−1(y))L for all x, y ∈ U
−
q (w).
Proof. This follows immediately from Proposition 3.6. 
The following theorem states that the quantum twist maps induce bijections between the unipo-
tent quantum minors satisfying certain conditions on elements of the Weyl group. This is a
quantum analogue of [5, Lemma 2.25].
Theorem 3.22. Let λ ∈ P+ and u1, u2 ∈W . Suppose that u1 and u2 are less than or equal to w
with respect to the weak right Bruhat order. Then we have
Θw−1(D−u1λ,−u2λ) = D−w−1u2λ,−w−1u1λ.
Proof. By Proposition 3.20, we haveD−u1λ,−u2λ ∈ U
−
q (w). Therefore we have Θw−1(D−u1λ,−u2λ) ∈
U−q (w
−1). By Lemma 3.21, for x ∈ U−q (w
−1),
(Θw−1(D−u1λ,−u2λ), x)L = (D−u1λ,−u2λ,Θw(x))L
= (v−u1λ,Θw(x).v−u2λ)−λ
= (v−u2λ, (ϕ ◦Θw) (x).v−u1λ)−λ .
Now ϕ ◦ Θw is a Q(q)-algebra automorphism of Uq. Hence we can consider the new Uq-module
V ′(−λ) which has the same underlying vector space as V (−λ) and is endowed with the action ⋆
of Uq given by x ⋆ v = (ϕ ◦Θw)(x).v for x ∈ Uq and v ∈ V
′(−λ).
Then there exists a Uq-module isomorphism V (−λ) → V
′(−λ) given by v−λ 7→ v−wλ. Note
that (ϕ ◦ Θw)(q
h) = qw(h) for h ∈ P ∗. Hence the vector v−uiλ ∈ V
′(−λ) is a vector of weight
−w−1uiλ (i = 1, 2). Moreover it is well-known that the weight space of V (−λ) of weight µ is
1-dimensional for all µ ∈ −Wλ. Therefore as in the proof of Proposition 3.16 we have
(v−u2λ, (ϕ ◦Θw) (x).v−u1λ)−λ = ζ (v−w−1u2λ, x.v−w−1u1λ)−λ
= ζ
(
D−w−1u2λ,−w−1u1λ, x
)
L
for some ζ ∈ Q(q)× and all x ∈ U−q (w
−1). By our assumption, w−1u1 is less than or equal to
w−1 with respect to the weak right Bruhat order. Therefore D−w−1u2λ,−w−1u1λ ∈ U
−
q (w
−1) by
Proposition 3.20. Hence Θw−1(D−u1λ,−u2λ) = ζD−w−1u2λ,−w−1u1λ.
On the other hand, by Theorem 3.8, Θw−1(D−u1λ,−u2λ) ∈ B
up ∩ U−q (w
−1). Therefore, by
Proposition 3.17, ζ = 1 and Θw−1(D−u1λ,−u2λ) = D−w−1u2λ,−w−1u1λ. 
As a corollary of Theorem 3.22, we show that quantum twist maps preserve a quantum analogue
of specific determinantal identities, called a quantum T -system.
Definition 3.23. Let w ∈W and i = (i1, . . . , iℓ) ∈ I(w). For 0 ≤ b ≤ d ≤ ℓ and j ∈ I, we set
D (b, d; j) (= Di(b, d; j)) := D−µ(b,j),−µ(d,j),
here µ(b, j)(= µi(b, j)) := si1 · · · sib̟j . Moreover, when ib = id = j, we write D(b, d)(=
Di(b, d)) := D(b, d; j). Note that D(0, d) = D−̟id ,−si1 ···sid̟id for 1 ≤ d ≤ ℓ. For 1 ≤ d ≤ ℓ
and j ∈ I, write
b− := max ({0} ∪ {1 ≤ b′ ≤ b− 1 | ib′ = ib}) ,
b−(j) := max ({0} ∪ {1 ≤ b′ ≤ b− 1 | ib′ = j}) .
Then, for 0 ≤ b ≤ d ≤ ℓ and j ∈ I, we have D (b, d; j) = D (b−(j), d−(j)).
Proposition 3.24 ([8, Proposition 5.5]). Let w ∈W and i = (i1, . . . , iℓ) ∈ I(w). Fix an arbitrary
total order on I. Suppose that the integers b, d satisfy that 1 ≤ b < d ≤ ℓ and ib = id = i. Then
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we have
qAD(b−, d−)D(b, d) = q−1i q
BD(b, d−)D(b−, d) + qC
−→∏
j∈I\{i}
D(b−(j), d−(j))−aji(3.2)
= q−1i q
B′D(b−, d)D(b, d−) + qC
−→∏
j∈I\{i}
D(b−(j), d−(j))−aji ,(3.3)
here
aji = 〈hj , αi〉, A =
(
µ(b, i), µ(b−, i)− µ(d−, i)
)
,
B =
(
µ(b−, i), µ(b, i)− µ(d−, i)
)
, B′ =
(
µ(b, i), µ(b−, i)− µ(d, i)
)
,
C =
∑
j∈I\{i}
(
−aji
2
)
(µ(b, j), µ(b, j)− µ(d, j))
+
∑
j,k∈I\{i};k<j
ajiaki (µ(b, j), µ(b, k)− µ(d, k)) ,
and
−→∏
denotes a product with respect to the increasing order from left to right. This system of
equalities is called the quantum T -system in U−q (w).
Remark 3.25. Note that our convention is different from the one in [8], and Geiß-Leclerc-Schro¨er
always assume that g is symmetric. Nevertheless, we can prove the equality above in the same
manner as in [8].
Corollary 3.26. The quantum twist map Θw−1 maps the quantum T -system in U
−
q (w) to the
one in U−q (w
−1).
Proof. Fix i = (i1, . . . , iℓ) ∈ I(w). Let b, d the integers such that 1 ≤ b < d ≤ ℓ and ib = id = i.
For a = 1, . . . , ℓ, set ar := ℓ − a + 1. For simplicity of notation, we write a
−
r := (ar)
− and
a−r (j) := (ar)
−(j) where the right-hand sides are considered with respect to irev for a = 1, . . . , ℓ.
Note that w−1µi(a′, j) = µi
rev
(ℓ − a′, j) for a′ = 0, . . . , ℓ and j ∈ I. In particular, for a = b, d, we
have w−1µi(a, i) = µi
rev
(a−r , i), w
−1µi(a−, i) = µi
rev
(ar, i) and w
−1µi(a, j) = µi
rev
(ar, j) if j 6= i.
Hence, by applying Θw−1 to both sides of (3.2) and using Theorem 3.22, we obtain
qADi
rev
(d−r , b
−
r )D
i
rev
(dr, br)(3.4)
= q−1i q
BDi
rev
(d−r , br)D
i
rev
(dr, b
−
r ) + q
C
−→∏
j∈Irev\{i}
Di
rev
(d−r (j), b
−
r (j))
−aji ,
here aji, A,B,C are the same as in Proposition 3.24 and I
rev denotes the index set I with the
reverse total order. By the way,(
µi(b, i), µi(b−, i)
)
= (si̟i, ̟i) =
(
µi(d, i), µi(d−, i)
)
,(
µi(a′, j), µi(a′, k)
)
= (̟j , ̟k) for all a
′ = 0, . . . , ℓ and j, k ∈ I.
Therefore we have
A =
(
µi(b, i), µi(b−, i)− µi(d−, i)
)
=
(
µi(d−, i), µi(d, i)− µi(b, i)
)
=
(
µi
rev
(dr, i), µ
i
rev
(d−r , i)− µ
i
rev
(b−r , i)
)
,
B =
(
µi(b−, i), µi(b, i)− µi(d−, i)
)
=
(
µi(d−, i), µi(d, i)− µi(b−, i)
)
=
(
µi
rev
(dr, i), µ
i
rev
(d−r , i)− µ
i(br, i)
)
,
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C =
∑
j∈I\{i}
(
−aji
2
)(
µi(b, j), µi(b, j)− µi(d, j)
)
+
∑
j,k∈I\{i};k<j
ajiaki
(
µi(b, j), µi(b, k)− µi(d, k)
)
=
∑
j∈Irev\{i}
(
−aji
2
)(
µi
rev
(dr, j), µ
i
rev
(dr, j)− µ
i
rev
(br, j)
)
+
∑
j,k∈Irev\{i};j<k
akiaji
(
µi
rev
(dr, k), µ
i
rev
(dr, j)− µ
i
rev
(br, j)
)
.
Therefore the equality (3.4) belongs to the quantum T -system in Uq(w
−1). 
3.3. Quantum twist maps and cofinite quantum nilpotent subalgebras.
Proposition 3.27 ([23, Proposition 3.4.7, Corollary 3.4.8], [19, Theorem 1.2] and [15, Theorem
4.23]). Let i ∈ I and b ∈ B(∞) with εi(b) = 0. Then we have
T−1i (G
up(b)) = Gup (σ∗i b) ,
where σ∗i : {b ∈ B(∞) | εi(b) = 0} → {b ∈ B(∞) | ε
∗
i (b) = 0} is the bijection given by b 7→
f˜
ϕ∗i (b)
i (e˜
∗
i )
ε∗i (b)b.
Proposition 3.28 ([16, Theorem 3.3]). Let w ∈ W . Then U−q ∩ Tw(U
−
q ) ∩ B
up is a basis of
U−q ∩ Tw(U
−
q ).
Theorem 3.29. For Gup(b) ∈ U−q ∩ Tw(U
−
q ) ∩B
up, we have
Θw−1(G
up(b)) = (−1)htβwq
1
2
(βw,βw)−(ρ,βw)Gup(∗σ∗iℓ · · ·σ
∗
i1b)
∨tβw .
for (i1, . . . , iℓ) ∈ I(w). Here we write βw := −w
−1wt b and set tα :=
∏
i∈I t
mi
i for α =∑
i∈I miαi ∈ Q. See Proposition 2.6 for the definition of ht.
Proof. Recall that we have Θw−1 = S ◦∨◦ (Tw)
−1. By Proposition 3.27, we have (Tw)
−1Gup(b) =
Gup(σ∗iℓ · · ·σ
∗
i1
b) for (i1, . . . , iℓ) ∈ I(w) (see also [16, Proposition 3.4]). Moreover, for a homoge-
neous element x ∈ U+q , we have S(x) = (−1)
htwt xq
1
2
(wt x,wtx)−(ρ,wtx) ∗ (x)twt x. Therefore we
obtain the assertion. 
4. Finite type case
In this section, we assume that g is a finite dimensional complex simple Lie algebra. Let
w0 ∈ W be the longest element of the corresponding Weyl group W . It is well-known that there
is a unique Dynkin diagram automorphism θ with −w0 (αi) = αθ(i) for all i ∈ I. For a reduced
word i = (i1, · · · , iN ) ∈ I (w0), it is known that (i2, · · · , iN , θ (i1)) is also a reduced word of w0.
Definition 4.1. We define a Q (q)-algebra automorphism on Uq (g) defined by
θ (ei) = eθ(i) θ (fi) = fθ(i) θ
(
qh
)
= q−w0(h).
Proposition 4.2 ([11, Proposition 8.20], [22, Proposition 3.2]). If w (αi) = αj for some i, j ∈ I
and w ∈W , we have
Tw (xi) = xj
where x = e, f .
Proposition 4.3. We have θ ◦ ∗ = Θw0 .
Proof. By Proposition 4.2, we have
Tw0 (ei) = −fθ(i)tθ(i), Tw0 (fi) = −t
−1
θ(i)eθ(i), Tw0
(
qh
)
= qw0(h).
Hence the proposition follows from the straightforward check on the generators of Uq . 
By Proposition 4.3, we obtain the following corollary.
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Corollary 4.4. For i = (i1, · · · , iN) ∈ I (w0) and c = (c1, · · · , cN ) ∈ Z
N
≥0, we have
(θ ◦ ∗) (Gup (b (c, i))) = Gup (b (crev, irev)) .
Moreover by Lemma 3.21 we obtain the following corollary.
Corollary 4.5. Let i = (i1, · · · , iN ) ∈ I (w0) and c = (c1, · · · , cN ) ∈ Z
N
≥0.
(1) We have
(θ ◦ ∗)
(
Glow (b (c, i))
)
= Glow (b (crev, irev)) .
(2) Write Glow (b (c, i)) =
∑
c′
(
Glow (b (c, i)) : F low (c′, i)
)
F low (c′, i). Then we have(
Glow (b (c, i)) : F low (c′, i)
)
=
(
Glow (b (crev, irev)) : F low
(
(c′)
rev
, irev
))
.
In particular, we have
Glow (b (c, i)) = F low (c, i) +
∑
c<c′,c<rc
′
(
Glow (b (c, i)) : F low (c′, i)
)
F low (c′, i) .
Remark 4.6. We have to remark that Corollary 4.4 was already proved by Lusztig [18, 2.11].
Moreover, when g is of finite type, we can also show the equality (3.1) in Corollary 3.9 without
using quantum twist maps, by the results in [18, 2.11] together with Proposition 3.27. Note that
Θw = (Tw0w−1)
−1 ◦ θ ◦ ∗ for all w ∈ W .
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